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Abstract 



We show how the techniques of Voevodsky's proof of the Milnor conjecture and the Voevodsky- 
Rost proof of its generaUzation the Bloch-Kato conjecture can be used to study counterexamples 
to the classical Liiroth problem. By generalizing a method due to Peyre, we produce for any 
prime number £ and any integer n > 2, a rationally connected, non-rational variety for which 
non-rationality is detected by a non-trivial degree n unramified etale cohomology class with £- 
^ ' torsion coefficients. When £ — 2, the varieties that are constructed are furthermore unirational 

and non-rationality cannot be detected by a torsion unramified etale cohomology class of lower 



(^ ■ degree. 

(3 ; 1 Introduction 

(N 



Suppose n is an integer coprime to the characteristic of k, and L/k is a finitely generated separable 
field extension. Consider the functor on A;-aIgebras defined by A i-> Hl^{A, fXn'^) (we abuse termi- 
nology and write A instead of Spec A for notational convenience). Given a discrete valuation u of 



^ . L/k with associated valuation ring A, one says that a class a G Hl^{L, /in"') is unramified at z^ if a 

■ - -' lies in the image of the restriction map Hl^{A^ ^n'') —>■ Hl^{L, fin'')- For any integers z, j, CoUiot- 

Thelene and Ojanguren IICTQ891 defined the unramified cohomology group Hlj.{L/k, fin'') as the 
subgroup of Hl^{L, fin) consisting of those classes a that are unramified at every discrete valuation 
of L trivial on k. CoUiot-Thelene and Ojanguren also proved that the groups Hl^^{X/k,fXn) are 
stable A;-birational invariants IICT089I Proposition 1.2]. If X is any smooth proper A;- variety, we 
write Hl^^{X / k , fin ) for Hl^j.{k{X)/k, fin'')- For another point of view on these statements see 
lICTg? . Theorem 4.1.11. 

The unramified cohomology groups can be used to detect counterexamples to the Liiroth prob- 
lem (over C). To set the stage, recall that in their celebrated work [IAM72II . building on a suggestion 
of C.P. Ramanujam, Artin and Mumford showed that the torsion subgroup of the singular cohomol- 
ogy group H^{X, Z) is a birational invariant for smooth proper complex varieties X. By explicitly 
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exhibiting a conic bundle over a rational surface and a 2-torsion class in this group, they produced 
an "elementary" example of a unirational non-rational variety. 

When i = 2, j = I, and L is the function field of a smooth proper A;-variety X, the group 
H^^{L/k, fin) admits a geometrically appealing interpretation. In this case, one can identify the 
group H'^j.(L/k, fin) with the n-torsion in the cohomological Brauer group of X using results of 
Auslander-Goldman and Grothendieck (cf. IIGro681 §6 and §7]). In this context, it was Saltman 
who first applied the unramified Brauer group to rationality problems IISal84IISal851 . and Saltman 
mentions a relationship between the Artin-Mumford example and the unramified Brauer group. In 
fact, as CoUiot-Thelene and Ojanguren [CT089I §2] make explicit, the 2-torsion class constructed 



by Artin and Mumford is a 2-torsion class in the cohomological Brauer group (see |Oja90 §8] for a 
nice overview of this circle of ideas). 

CoUiot-Thelene and Ojanguren went further and produced an example of a unirational non- 
rational variety where non-rationality was detected by means of a degree 3 unramified cohomology 
class in the function field of a quadric over a transcendence degree 3 extension of C. Furthermore, 
they proved that the cohomological Brauer group of their example was trivial. They also suggested 
that it should be possible to produce higher dimensional varieties that were unirational, not-stably 
rational, where non-rationality is detected by a class of degree n, yet could not be detected by lower 
degree classes. 

A key algebraic input in the construction of IICT089II was a result of Arason IIAra751 p. 489] 
describing the kernel of the restriction map Hf^{k, /if ^) — )• H^^{L/k, fif^) for L the function field 
of a special quadratic form: a (neighbor of a) Pfister 3-form. Using this result, the degree 3 un- 
ramified invariant was constructed by an intricate geometric argument. Later, using a generalization 



of Arason's theorem due to Jacob and Rost IIJR891 p. 559], Peyre ]Pey93[ produced examples of 



fields where non-rationality was detected by a degree 4 unramified cohomology class. While he 
showed that the Brauer group was trivial for his examples, he did not establish vanishing of degree 
3 unramified cohomology. The main result of this paper shows that the construction of CoUiot- 
Thelene-Ojanguren, as generalized by Peyre, extends to all degrees. 

Theorem 1 (See Theorem 14.21 ). For every integer n > 0, there exists a smooth projective complex 
variety X that is unirational, for which H^j.{X, fif^) vanishes for each i < n, yet H^^{X, fif"') ^ 
0, and so X is not A^ -connected (nor stably k-rational). 

The fields used to construct the examples are function fields of products of quadrics defined by 
Pfister n-forms over rational function fields in many variables. The result of Arason used by CoUiot- 
Thelene-Ojanguren (and the subsequent generalization by Jacob-Rost) was extended to all (neigh- 
bors of) Pfister n-forms by Orlov-Vishik-Voevodsky IIOVV07I Theorem 2.1] as a consequence of 
Voevodsky's spectacular affirmation of Milnor's conjecture that the mod 2 norm residue homomor- 
phism is an isomorphism HVoeOSl ; these results provide the main new ingredient in construction of 
our examples. 

Remark 2. As was pointed out to the author by the referee of a previous version of this paper, 
examples of the sort produced here can also be produced by combining results of Izhboldin dlzhOlJ 
with IIOVV07II : see IllzhOli Lemma 9.5], which makes reference to IllzhOIi Lemma 6.4 and Lemma 
8.12]. Nevertheless, our approach, following Peyre, is different. Moreover, examples such as the 
above have not (to the best of the author's knowledge) appeared explicitly anywhere in print. 
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Peyre also observed that for £ a prime different from 2, it was possible to construct unira- 
tional non-rational varieties whose non-rationality was detected by degree n unramified cohomol- 
ogy classes when n was small. Indeed, he observed | Pey93[ Proposition 5] that the Brauer-Severi 



varieties attached to cyclic algebras can be used to construct unirational varieties with a non-trivial 
degree 2 unramified ^-torsion class. He also observed | Pey93[ Proposition 5] that it is possible to 



construct unirational varieties where non-rationality is detected by a degree 3 unramified ^-torsion 
class, yet for which the (unramified) Brauer group is trivial. Again, each example relied on a vari- 
ant of the result of Arason mentioned above (in the first case, the necessary result was provided 
by Amitsur and in the second case by Suslin; see [ Pey93J for precise references). As a partial 
generalization of these results, we establish the following. 

Theorem 3 (See Theorem I4.41 i. For any prime number d. and any integer n > 2, there exists a 
smooth projective rationally connected complex variety X such that H^j.{X/C, /^®") is non-trivial. 
In particular, X is not A^-connected (nor stably k-rational). 

If £ is a prime number different from 2, in the course of the proof of the Bloch-Kato conjec- 
ture certain new varieties — ^-generic splitting varieties — were introduced to assume the role played 
by Pfister quadrics in the proof of the Milnor conjecture. The varieties used by Peyre in his con- 
structions are precisely of this form. Theorem |3] relies on the explicit constructions of ^-generic 
splitting varieties due to Voevodsky and Rost IIRos021 [SJ06II . and results of [MS 10] that provide 
partial analogs for the results of Orlov-Vishik- Voevodsky, Amitsur or Suslin mentioned above. We 
prove rational connectivity of some explicit ^-generic splitting varieties and again apply the method 
of Peyre to construct non-trivial unramified classes. 

The paper closes with a discussion of the unramified cohomology of smooth proper rationally 
connected varieties. After recalling some vanishing statements, we ask some questions about when 
unramified cohomology can be non-trivial. Even for smooth proper rationally connected 3-folds, 
the answer to these questions seems to be unknown in general. 
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2 Unramified coliomology and splitting varieties 

Throughout this work, the letters F, k, or K will be used to denote fields containing C as subfields; 
while this restriction is not necessary everywhere, it simplifies the presentation in a number of 
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places. In particular, if £ is a prime number, we will fix, once and for all, a primitive £-th root of 
unity r and consequently an isomorphism Z/^ = fi£. Throughout the paper K^\F) denotes the 
graded Milnor K-theory ring of the field F and K^'\F)/n denotes the mod n Milnor K-theory ring 
ofF. 

We write Sm^ for the category of schemes separated, smooth, and finite type over k; we will 
also refer to elements of Snik as varieties. We view Sm^ as a site by equipping it with the Nisnevich 
topology; the word sheaf will, unless otherwise mentioned, mean Nisnevich sheaf of on Snik- 

The norm-residue isomorphism theorem and consequences 

Kummer theory gives a canonical identification k*/{k*)^ ^ //Jj(Spec k, ^„). Given a sequence of 
elements oi, . . . , a^ £ k*, we write (aj) for the image of Oj G i7jj(Spec k, fin), and (oi, . . . , a^) 
or a (depending on context) for the cup product (ai) U • • • U (om) G HV^(Spec k, f^n"^)- 

By definition, there is an induced identification K^'^ {k)/n ^^ k* /{k*)"'. Combining this iden- 
tification with the canonical isomorphism given by Kummer theory in the previous paragraph, there 
is a canonical isomorphism Kf^ {k.)/n ^ ff|j(Spec k, /u„). Bass and Tate showed that the previous 
identification extends to a morphism of graded rings 

V'n,* : K^'/n{k) ^ /7*(SpecA:,^f ), 

and V'n,* or its graded components are referred to as the norm-residue homomorphism. 

The norm residue homomorphism is functorial in k, but also satisfies additional compatibility 
conditions. If A; is a field equipped with a discrete valuation v and associated residue field tZy, Milnor 
constructed in [iMil70i Lemma 2.1] residue maps 

d, : Kf/n{k) -^ Kfijn{K,). 

Using cohomological purity, there are corresponding residue maps in etale cohomology and the 
norm residue homomorphism is compatible with residue maps. Furthermore, both Milnor K-theory 
and etale cohomology admit transfers, and the norm residue homomorphism is compatible with 
transfers as well. These compatibilities lead to a sheafification of the norm residue homomorphism; 
this circle of ideas is closely connected with the results of Bloch-Ogus (see, e.g., IICTHK97I1 for 
discussion of this point of view). 

For a smooth irreducible /c-scheme V with function field k{V), one defines the unramified Mil- 
nor K-group Vif^ /n{V) as the intersection of kernels of residue maps coming from the geometric 
discrete valuations of k{V). One defines K*^/n(C/) on a not necessarily irreducible smooth k- 
scheme as a sum. The functor U i-^ 'K.f^ /n{U) then defines a Nisnevich sheaf K.f'^ /n on Srrik that 
is often called the i-th unramified mod n Milnor K-theory sheaf. Furthermore, K^^/n is actually 
a homotopy invariant Nisnevich sheaf with transfers and therefore is strictly A^ -invariant (recall 
that a Nisnevich sheaf of abelian groups A is strictly A^ -invariant if its cohomology presheaves 
V 1-^ Hj^j^g{V,A) are A^-invariant for any smooth A;-scheme V; this notion is studied in great 
detail in fMorOS'. §6]). 

Similarly, the Nisnevich sheafification of the functor on smooth fc-schemes defined by [/ i-)- 
i7g,(C/, ^n) will be denoted T-Llii/J-n), and the sections of this sheaf over a smooth scheme X can 
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be identified by a remark of Gabber with if^^ {X, ji®-^ ) ; this sheaf is called the i-th mod n weight j 
unramified etale cohomology sheaf. Again, the sheaf 'H\^{^n) is strictly A^ -invariant. 

Compatibility of the norm residue isomorphism with residues gives a morphism of sheaves 

(2.1) V'n,*:Kf/™^^|j(//f). 

Since strictly A^-invariant sheaves have Gersten resolutions (see, e.g., ||CTHK97i ). and one de- 
duces immediately from this fact that a morphism of strictly A^ -invariant sheaves (with transfers) 
is an isomorphism if and only if it is an isomorphism on sections over finitely generated separable 
extensions L/k. Therefore, the morphism V'n,* is an isomorphism if and only if the norm residue 
isomorphism conjecture holds for all extensions L/k. 

Voevodsky's proof of the Milnor conjecture and the subsequent Voevodsky-Rost proof of the 
Bloch-Kato conjecture imply the following result. 

Theorem 2.1 ( HVoeOBl Corollary 7.5], HVoelll Theorem 6.1]). The morphism ibr, * from Xl.W is an 
isomorphism of sheaves. 

One immediate consequence of this form of the theorem is that unramified mod n Milnor K- 
theory can be canonically identified with unramified etale cohomology. As usual, write 'Ljiin) 
denote the mod n motivic complex (see, e.g., IIMVW061 ). Our choice of an ^-th root of unity 
determines a morphism of motivic complexes r : TLjiin — 1) — )• "LjKn). Suslin and Voevodsky 
showed that the Beilinson-Lichtenbaum conjecture was equivalent to the Bloch-Kato conjecture 
lISVOOI . As a consequence, one deduces the existence of the following triangle in Voevodsky's 
derived category of motives. 

Lemma 2.2 ( IIOVV071 Lemma 2.4]). The morphism. r extends to a distinguished triangle in D]V[^_ 
of the form 

Z/Kn - 1) ^ 1/t{n) — > ir'{'L/l{n))[-n]. 

The sheaf ^"(Z/£(n)) is strictly A^-invariant and is therefore determined by its sections over 
fields. The computation of the (n, n)-motivic cohomology of fields (see, e.g., iMVW06i §4]) to- 
gether with Theorem Oallows us to identify F"(Z/^(n)) ^ nHfif"). 

If X is any smooth A;-scheme, the Cech object associated with X, denoted C{X) is the sim- 
plicial scheme whose n-th term is the n + 1-fold fiber product of X with itself over Spec A; ; the 
relevant simplicial structures are induced by diagonal maps and partial projections. The canonical 
morphism C{X) -^ Spec A; is an isomorphism in the (Nisnevich) simplicial homotopy category 
if it is an epimorphism of Nisnevich sheaves IIMV991 §2 Lemma 1.15], i.e., if X has a /c -rational 
point. Whether or not X has a fc-rational point, the map C{X) -^ Spec k induces an isomorphism 
i?"'"(Spec k, Z/£) ^ if "'"(C'(X), Z/^) (see, e.g., [ OVV071 Lemma 2.2]). 

The diagonal map X — )• C{X) induces a morphism 

H'^{Cix),n2,{f^fn) -^ H\x,ni{iiT)) = Krix/k,t,f-). 

Applying the functor M.{C{X), — ) to the triangle in Lemma l2!2l one can deduce the following 
result. 

Lemma 2.3 ( llVoelli Proof of Lemma 6.5]). There is an exact sequence of the form 

H^^^-\CiX),Z/e) -^ H2iSpeck,Z/£) -^ i/^,(X/fe,/if"). 
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Small Pfister quadrics and the results of Orlov-Vishik-Voevodsky 

We use standard notation from the theory of quadratic forms. For elements ai, . . . , am G k* write 
(oi) for the 1-dimensional quadratic form aix^, (oi, . . . , am) for the orthogonal sum (ai) © ■ ■ ■ 

(am), {{ai)) for the form (1, —a) and ((ai, . . . , am)) for the tensor product ((ai)) (S> ■ ■ ■ ® {{am))- 

Definition 2.4. Given an n-tuple ai, . . . , a^ € k*, the ^nia/Z Pfister quadric attached to the symbol 
a is the smooth projective variety Qa defined by the homogeneous equation 

((ai,... ,a„_i)) = {an)- 

We write Afa for C'(Qa)- 

Orlov-Vishik-Voevodsky give a strengthening of Lemma 12.31 which we summarize in the fol- 
lowing statement (this form of the result, which was perhaps contained in a preprint version of 
IIQVV07II . has apparently been relegated to the status of mathematical folklore). 

Theorem 2.5 ( IIOVV071 Theorem 2.1]). If a is a non-trivial symbol of length n, the restriction map 

V' : Hl,iSpeck,Z/2)^HUQa/k,i2f) 
is an isomorphism for i < n and has kernel Z/2 generated by the class of a if i = n. 

Remarks on the proof. Any quadric that has a A; -rational point is in fact A;-rational. The quadrics Qa 
are therefore generically rational in the sense that they are rational over their generic point. From 
Lemma |2!2l and the argument of ||Kah99i Theorem A.l] we get a description of both the kernel and 
cokemel of the restriction map in unramifled cohomology. 

The description of the kernel (and triviality when i < n) is an immediate consequence of 
IIOVV071 Theorem 2.1]. The vanishing of the cokemel is proven by means of the same techniques. 
See, e.g., HKSOOi §3 Proof of Theorem 3] for a detailed explanation of the triviality of the cokemel. 

D 

Constructing Rost varieties 

We now discuss partial analogs of these constmctions adapted to primes other than 2. We start 
by outlining a construction given in [iSJ06i §2], which is due originally to Voevodsky. Start with 
any smooth projective fc-variety Y. Write Y"^ for the m-fold flber product of Y with itself over 
m. Let Sym'^(y) be the m-th symmetric product of Y, i.e., the (singular in general) quotient 
y^/Sm, where the symmetric group Sm acts by permuting the factors. The symmetric group Sm 
acts freely on the open subscheme Y"^ \ A where A is the union of the diagonals, which is the locus 
corresponding to m distinct points in Y. A geometric quotient Cm{Y) := (F™ \ A) /5m exists as 
a smooth scheme, and the notation is chosen to indicate that Cm{Y) is the conflguration space of m 
points on Y. 

There is an addition map p : Y x Sym™^^y — ;• Sym'"(y); this morphism is flnite surjective 
of degree m. The preimage of Cm{Y) under p gives rise to a morphism 

p-HCm{Y)) cYx S-^-^Y) -^ Cm{Y) 
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that is a finite etale morpliism of degree m. In particular, p~^ {Cm{y)) is itself a smooth scheme. 

The sheaf A := P*(CyxSym™-i(y))lc,„(y) is a locally free sheaf of ©^^(y) -algebras of rank 
m. We let V(^) — )• Cm {Y) be the associated geometric vector bundle (given by taking the spectrum 
of the symmetric algebra of the dual of A). Since ^ is a locally free sheaf of algebras, there is a 
well-defined norm morphism 

which can be identified as a section of Sym"^^^. 

Now, take an element a ^ k* and view this as a section of Oc^{y)- Then, consider the closed 
subscheme of 1^ C ^ defined by the equation N — a = 0. By IISJ06[ Lemma 2.1], the variety 
W is smooth over Cm{Y) and therefore smooth over k (and also geometrically irreducible). Let 
N{Y, a, m) be a non-singular compactification of W, which exists since k has characteristic 0; 
by resolving indeterminacy, we can even assume N{Y, a, m) is proper and surjective over a non- 
singular compactification of Cm{Y). Note that dinijt N(Y, a,m) = m dim Y + m — \. 

Proposition 2.6. Ifk is any algebraically closed field containing C, and Y is smooth projective uni- 
rational (resp. rationally connected) variety, then N(Y, a, m) is also smooth projective unirational 
(resp. rationally connected) variety. 

Proof. If Y is any unirational (resp. rationally connected) smooth proper variety, then y™ is again 
unirational (resp. rationally connected). Let Ea be the subvariety of A™ defined by the equation 
Y[i Zi = a, which is itself rational; this equation is precisely A^ = a for a split etale algebra of 
dimension m. Note that there is an obvious action of the symmetric group Sm on Ea by permuting 
the coordinates in A"^. 

The moiphism y™ \ ^ — ^ Cm{Y) is an S'm-torsor: this morphism sends a sequence of distinct 
points in Y"^ \ A to the corresponding 0-cycle. The pullback of the etale C'c'^(y) -algebra A along 
the morphism y™ \ A ^- Cm{Y), is a split etale Oym^/^-algehTa. by construction. Consequently, 
the pullback of W along the morphism Y"^ \ A — > Cm{Y) is precisely y™ \ A x Ea. Moreover, 
the group Sm acts diagonally on the product Y"^ \ A x Ea, and the quotient is precisely W. In 
particular, the quotient map gives a dominant morphism y" \Ax Ea ^ W that has degree m (see 
IIKM121 5c-d] for a more general version of this construction). 

Since Ea is rational, any smooth proper compactification Ea is again rational. By resolving 
indeterminacy of the rational map y™ x Ea ^ N{Y, a, m), we obtain a dominant morphism from 
a unirational (resp. rationally connected) variety to N{Y,a,m), which means that N{Y,a,m) is 
unirational (resp. rationally connected) as well. D 

Corollary 2.7. Suppose k is the function field of a smooth complex rationally connected variety, 
a € k*, Y is a smooth projective k-variety, and K = k{N{Y, a, m)). If X is any smooth proper 
model of K/C then X is rationally connected. 

Proof. Suppose Z is any smooth projective variety with C(Z) = k. By assumption Z is ratio- 
nally connected. By construction, there is a dominant rational map from X to Z, so by resolving 
indeterminacy, there exist a smooth proper variety X' , a morphism X' ^ X that is a birational 
equivalence, and a projective morphism X' — > Z. Since Z is rationally connected it suffices by 
IIGHS031 Corollary 1.3] to establish that the general fibers of X' ^ Z are rationally connected. 
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By clearing the denominators, the fc-variety N{Y, a, m) gives rise to a variety Y' and a smooth 
and proper morphism y' — )• [/ for an open subscheme U C Z. Tracing through the constructions, 
one observes that the fiber over any closed point u ^ U of Y' ^ U is a. smooth compactification 
of N{Yu, au,m) where a„ is the specialization of a to u. Thus, by Proposition 12. 61 over any closed 
point u ^ U the fiber of y' — > [/ is rationally connected, so by IKol96. Theorem IV.3. 1 1] every fiber 
of this morphism is rationally connected. It follows immediately that the general fiber oi X' ^ Z 
is rationally connected as well. Therefore, X is rationally connected. D 

Rost varieties and their motivic cohomology 

Now, suppose ^ is a prime number. Given elements ai, . . . ,am G A;*, we can also consider the 
symbol a € K^l{k)/L An extension L/k is called a splitting field for a if a becomes trivial in 
K^{L)/L An irreducible smooth fc- variety X is a splitting variety for a symbol a modulo I if 
k[X) is a splitting field for a. An irreducible smooth fc-variety X is called a generic splitting 
variety for a modulo ^ if X is a splitting variety, and for any splitting field L of a, X{L) is non- 
empty. Unfortunately, generic splitting varieties are only known to exist for £ = 2 (Pfister quadrics) 
orn < 3 (when n = 2, the Brauer-Severi varieties attached to cyclic algebras provide models, and 
when n = 3, the Merkurjev-Suslin varieties provide models). 

An irreducible smooth /c-variety X is an £-generic splitting variety for a non-zero symbol a G 
K^ {k)/£if X ha splitting variety for a, and for any splitting field L of a, there is a finite extension 
L' /L of degree prime to £ such that X{L') is non-empty. An ^-generic splitting variety for a non- 
zero symbol a G K^ (k) /i is a Rost variety for the symbol a if it satisfies the conditions of IIHW091 
Definition 0.5] 

For £ ^ 2, Rost varieties for a symbol of length m can be constructed inductively assuming the 
Bloch-Kato conjecture in weights < m. For the symbol {ai, 02}, the Severi-Brauer variety associ- 
ated with the cyclic algebra attached to {ai , 02 } is even a generic splitting variety. Given an arbitrary 
symbol a = { a 1, ..., a^}, one defines inductively Ya = y(ai,...,a„) := ^(^ai,...,a„_i, an,0- Note 
that dinifc Ya=£"'-^ -1. 

Theorem 2.8 (Voevodsky, Rost ( IISJ06[ Theorem 1.21])). If£ is a prime number, and a G K^^ {k)/£ 
is a non-trivial symbol, the variety Ya is a Rost variety for the symbol a. 



Remark 2.9. Repeatedly applying Proposition 12.61 one sees that the varieties Ya are, after passing 
to an algebraic closure of the base field, rationally connected. However, it is to the best of the 
author's knowledge not known whether the varieties Ya inherit any finer rationality properties from 
the construction. For example, it is not known in general whether i^ is a retract fc-rational variety 
for an arbitrary prime i and symbol in a G K^\k)/£. 

By II Voe 1 1 1 Lemma 6.4]. if the symbol a is non-trivial in /f^^( A;) /^, then its image in ff|j: (A;, /x®") 
under if^ni remains non-zero. If 1^ is a Rost variety attached to a symbol a, it follows from this ob- 
servation that the class of a defines a non-trivial element in H"-'^^^{C{Ya, Ij/£), which by Lemma 
531 is precisely equal to the kernel of the map H2iiSpec k, Z/£) -^ H^~{Ya/k, /if)). Merkurjev 
and Suslin computed the motivic cohomology of C{Ya). We summarize one consequence of their 
main result, which provides a partial analog of Theorem 12.5 l in the case where £ ^ 2. 
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Theorem 2.10 ( HMSlOl Proposition 1.4 and Theorem 1.15]). If a is a non-trivial symbol, and Ya is 
a corresponding Rost variety, the kernel of the map if^(Spec fe, Z/£) — >• H]l^{Ya/k, iJ.f^) is TLji 
generated by the class of the symbol a. 

3 Vanishing results 

The goal of this section is to prove some vanishing results for unramified cohomology. 

Theorem 3.1. Fix an integer n > 1. Let k be the function field of any variety Y over Cfor any 
integer m) such that H^^{Y/C, fif^) = for i < n. If a is a symbol of length n, the group 
Hl^{k{Qa)/C, /if) is trivial for i < n - I. 

The proof of Theorem 13. II will require us to understand residue maps attached to discrete val- 
uations on k{Qa). To this end, we will use the following lemma, which is a direct consequence of 
EKMOSi Corollary 6.13]. 

Lemma 3.2. Suppose K is a field (assumed again to have characteristic 0), and v is a discrete 
valuation of K with associated local ring Oy and residue field Hy. If ai, . . . ,an are elements of 
K*, there are elements 6i, . . . , 6„ such that bi, . . . , bn-i are elements ofO^ and such that over K, 
the quadratic forms ((ai, . . . , a„)) and ((6i, . . . , 6„)) are K -isomorphic. 

Proof of Theorem 1X71 Let K = k{Qa) and suppose X is a smooth proper model of X over C. The 
group H'l^{X/C, /if*) is a subgroup of Hl^{K/k, //f*) by its very definition. By Theorem 12. 5 1 the 
inclusion map 

Hl,{k,^f)^Hl,,{QJK^^f) 

is injective for i < n — 1. 

Suppose 1/ is a geometric discrete valuation of k with associated valuation ring Oy, residue field 
Ky, and let tt be a local parameter. Applying Lemma |J!2l after multiplying by an element of k if 
necessary, we can assume that the symbol a giving Qa has ai , . . . , 0^-2 S Cj^- The resulting variety 
can be viewed as a subscheme of P^ , and reducing the resulting equation modulo the maximal ideal 
of Oy gives rise to a geometric discrete valuation u' of K with residue field K,yi . Moreover, the local 
homomorphism Oy -^ Oy/ is necessarily unramified, and there is a commutative diagram of the 
form 



i4(fe,/.f) ^Hi^\Ky,f4^ 



HUK,^r) — .Hi-\Ky,,f^r-'). 

Hi < n, the left hand morphism is an injective by Theorem l2.5l We claim the right hand morphism 
is injective as well. Indeed, the chosen form of the equation shows that Ky/ is a function field of 
either a small Pfister n-form over Ky or a purely transcendental extension of the function field a 
small Pfister n — 1-form over Ky. Since i — l<n — l<n, in the first case, injectivity of the right 
hand arrow follows from another application of Theorem 12.51 In the second case, injectivity for a 
purely transcendental extension is clear, and injectivity of the right hand arrow then follows by yet 
another application of Theorem [ 
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Suppose we take a class in Hl^{X/C, /if*) and view it as an element of Hl^{k, /if*) by means 
of the isomorphism of Theorem 12.51 A diagram chase show Such a class is unramified at every 
discrete valuation u' of K of the form in the previous paragraph and therefore comes from a class in 
Hlj.{k/C, nf^)- Since k is the function field of an A^-connected variety, it follows that the group 
Hl^^{k/C, ^Jif^) is trivial and therefore also that the original class is trivial as well. D 

Remark 3.3. The hypotheses of the theorem ai^e satisfied for Y any A^-connected smooth complex 
variety by ||Asol2| Proposition 3.5 and Lemma 4.7]. In what follows, we will only use the case 
where Y is projective space, but as shown in HAMIU Theorem 2.3.6.ii], any stably rational (or, more 
generally, retract rational) smooth proper complex variety is A^-connected. Inductively applying the 
theorem, one deduces the following result. 

Corollary 3.4. Fix an integer n > 1. Let k be the function field of an A^ -connected variety Y. 
Suppose ai, ■ ■ ■ ,ar ^''^ ^ sequence of symbols of length r in k. Let K be the function field of the 
product k{Qa-^ x • • • x Qa^), and let X be any smooth proper model of K over C. For any integer 

i<n,HUX/C,fif) = 0. 

Remark 3.5. There are (at least) two immediate problems with attempting to adapt the proof of 
Theorem 13. II to study lower degree unramified cohomology of Rost varieties. First, as observed in 
Remark fL9\ we do not know if Ya is retract rational, which makes description of the cokemel of 
the restriction map in unramified cohomology more difficult. Second, the author is (perhaps due to 
his own ignorance) unaware of any simple result like Lemma |3^ that can be used to obtain "normal 
forms" for Rost varieties over discrete valuation rings, though certainly Rost's chain lemma ||HW09| 
comes to mind. 

4 A non-vanishing result 

In this section, for simplicity, we work over C We combine the Orlov-Vishik-Voevodsky theorem 
together with Peyre's method to show that if k is the function field of a well-chosen complex variety, 
and i^ is a suitable product of small Pfister quadrics attached to symbols of length n, the non- 
trivial class in i7"^(i^/fc, /if") guaranteed by Theorem 12.5 1 is actually contained in the subgroup 

Peyre's results 

Suppose F is the function field of a variety over C. Let ^ be a prime number. Following Peyre, 
we fix a finite dimensional F^-vector space V, and a morphism (p^ : y^ — ;■ Hl^{F,fig). The 
homomorphism (p^ extends to a morphism of graded F^-algebras 

0:A-(y^)^i/?,(F,/if). 

We fix an identification A*(F^) ^ (A*F)^ by means of the map 

fiA---/\fi^{viA---AVi^ ^ sgn(cj)/i(u^(i)) • • • /^(^^(i))}. 
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,Vn, the dual basis of {vj-^ A • • • A Vji)ji<---<ji is given by (uV A • • • A uV ). With these 



Having fixed this identification, for any basis vi, . . . ,Vn oi V, with dual basis of V'^ given by 
choices, we get a morphism 

Let 5* = ker(93*)-'- C A^V. There is an induced morphism 



which is necessarily injective. We define 5*^^^ C S** to be the subgroup of S^ generated by elements 
of the form v /\v' with v £ V and v' € A^^^V. With this notation, the next result is a special case 
of Peyre's results. 



Theorem 4.1 (| Pey93[ Theorem 2 and Corollary 3]). If f is an element o/Hom(S'*,F£) such that 
f\s^^ is zero, then ip'{f) £ Hi^{F/C, ^if). Furthermore, ifS'^^^ ^ S\ then Hi^{F/C, ^if) / 0. 

A construction 

Fix an integer n > 0. Let k' = C(ti, . . . , f2n) and k = C(t^, . . . , ^n) ^ii^ consider the inclusion 
k --^ k'. Let V be an F^- vector space of dimension 2n with a chosen basis vi, . . . , f2„; there is an 
isomorphism V A Gal{k' /k) and an injection (j)^ : V"^ "-^ Hl^{k, fii) that sends v^j to the class of 

If K is a function field over k that contains k', we set (j)]^ to be the composite map 

and set 

to be the map induced by exterior product on the left and cup product on the right. 

As Peyre explains, the problem of finding a non-rational field with non-rationality detected by 
an unramified ^-torsion class in the above setup translates in the following problem: find a subspace 
S C A^V and an extension K/k of function fields satisfying 

i) the kernel of the map cj)]^ : (AV)^ -^ H^iK, /if*) is S^, and 

ii) S / Sdec- 

Define a degree n unramified class as follows. In terms of the basis vi, . . . ,V2n described 
above, take a subspace S of A^V spanned by the vector vi A ■ ■ ■ AVn + Vn+i A • • • V2n- The vector 
vi A ■ ■ ■ AVn + Vn+1 A ■ ■ ■ V2n IS not Contained in S^ec- Furthermore, we can explicitly compute 

iv)f A--- Av^l for 1 < ji < • • • < jn < 2n, with \ 



/v^^A---Avl 



Span( (ii,...,j„) ^ {(l,...,n),(n + l,...,2n)} 



\ and v'^ A- ■ ■ Av'^ - I'^+i A • • • A w. 



V 
2n 



Thus, there exists a basis for S*"*- where each element is of the form Wj-^^A- ■ -Awj^ for Wj-^, . . . ,Wj^^ G 
V^ . Fix such a basis, and call it /. Each element s of / defines a symbol 



^■.= r{s)^H2,{k,^f^). 
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We now use these symbols to provide the examples mentioned in the introduction. First, we deal 
with the case i = 2. The next result gives a more precise version of Theorem [T]from the Introduc- 
tion. 

Theorem 4.2. If K = A;(J^^gj^ Qg) (see Definition 12. 4P . X is any smooth proper model of K over 
C, andm>2 is any integer, thenHi^{X/C, /i®^) =Ofori <n, i?^,(X/C, /if") ^ 0, and X is 
unirational. In particular, X is not h} -connected. 



Proof. The vanishing of Hlj.{X/C, /if^) for i < n is an immediate consequence of Corollary [ 

Since K = k{Y\^^j Qs), induction on the number of symbols together with Theorem |23] shows 
that the kernel of the restriction map 

is Z/ 2 generated by the classes of the symbols s. The construction of / given above then implies 
that the kernel of (/)^ : (A^y)^ -^ H2,{K, fif^l,_J is S-^, and the construction of S shows S / 
gdec^ SO the non-triviality of H^j.{X/C, nf"') is a consequence of Theorem 14. 1 1 

By definition, the image of any symbol s G I in HV^{k, /uf") in HV^{k', /uf") is zero (see just 
after Theorem |4. 1 1 for this notation). Thus, the Qs have a fc'-rational point and are therefore k'- 
rational. It follows that there is a degree 2 extension of K that is purely transcendental over C. That 
X is not A^ -connected is then a consequence of IIAsol21 Proposition 3.5 and Lemma 4.7]. D 

Remark 4.3. A product of smooth quadrics splits after an extension of even degree. Transfer tech- 
niques can then be used to show that the unramified cohomology with /^^ -coefficients of such a 
product is trivial if m is odd. For i < n, the vanishing of unramified cohomology with fi2 coeffi- 
cients can be used inductively to show that unramified cohomology of 1^2^ coefficients also vanishes. 

The following result provides a precise version of Theorem |3]from the introduction. 

Theorem 4.4. Suppose i ^ 2 is a prime. Let K = k(Y\g^^ Yg), where Yg is the Rost variety 
attached to the symbol s (see Theorem 12.81 ). If X is a smooth projective model of K/C, then X is 
rationally connected, and H^^[X/C, /if"") ^ 0. In particular, X is not A^ -connected. 

Proof. In this case, the rational connectivity of X follows from the statement of Proposition 12.71 
Since K = ^(Hsg/^*)' ^^ induction argument using Theorem 12. 101 shows that the kernel of the 
restriction map 

H2,ik,t,f-)^H:AK/k,f,fn 

is Z/£^ generated by the classes of the symbols s. Again, the construction of / given above then 
imphes that the kernel of cp']^ : {X^Vy -^ iJ|J(K,/if") is 5"^, and the construction of S shows 
S / S'^'^^, so the non-triviality of the unramified cohomology group in question is an immediate 
consequence of 14.11 That X is not A^-connected is then a consequence of IIAsol21 Proposition 3.5 
and Lemma 4.7]. D 
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Unramified cohomology of rationally connected varieties 

In the above examples, if we fix a prime number i and an integer n, the rationally connected variety 
X with an unramified degree n cohomology class modulo i. has dimension at least £" — 1 + 2n. In 
particular, this number grows rapidly with n for a fixed L 

Question 4.5. If X is a rationally connected smooth proper complex variety of fixed dimension d, 
are there restrictions on the integers n and primes I for which H'^^{X/C, /^f") can be non-zero? 

Two restrictions on the possible values of n are presented in the following remarks. 

Remark 4.6. The unramified cohomology of an irreducible smooth proper complex variety of di- 
mension d vanishes in degrees greater than d. Indeed, if /c is a field, write G^ for the absolute Galois 
group of k, cdp{Gk) for the p-cohomological dimension of Gk and cd{Gk) for suppcdp{Gk) (see 
IISer021 1.3]). Combining [ Ser02i II 4.1 Proposition 10' and II 4.2 Proposition 11], one observes 
that if X is an irreducible smooth complex algebraic variety of dimension d, then cd{G£(^x) ) = d. 
Since Hi^{X/C, nf") is by definition a subgroup of F|j(C(X), /i®") the stated vanishing follows. 

Remark 4.7. For arbitrary i, if X is a rationally connected smooth proper complex variety, we 
know that H^^{X/C, fif") is non-zero only if n > 1. Indeed, if X is a rationally connected smooth 
proper complex variety, then H^,^{X/C, /u„) = Hl^{X, jj^n) = for arbitrary n since such varieties 
are (topologically or etale) simply connected. 

Since all rationally connected complex curves and surfaces are rational, the first interesting case 
of the question is the case where X is a smooth proper rationally connected 3-fold. In that case, the 
question can be given a much more precise form. 

Remark 4.8. If X is a rationally connected smooth proper complex 3-fold, then a result of CoUiot- 
Thelene-Voisin IICTV12 , Corollaire 6.2], which uses Voisin's affirmation of the integral Hodge con- 
jecture for rationally connected 3-folds, implies that H^j.{X/C, p^f^) is trivial for arbitrary I. Thus, 
if X is a smooth proper rationally connected complex 3-fold, then only the second degree unrami- 
fied cohomology can be non-trivial. 

Question 4.9. If X is a smooth proper rationally connected complex 3-fold, for which primes i can 
H^j.{X/C, fii) be non-trivial? 

Remark 4.10. A natural way to attack the previous problem is to use the minimal model program. 
The output of the minimal model program is a Fano fibration, which under the rational connectivity 
assumption must have rationally connected base. If the fiber dimension is 1, since rationally con- 
nected surfaces are rational, the varieties in question are conic bundles over rational surfaces. In this 
case, the Artin-Mumford example shows that 2-torsion can appear in the unramified Brauer group. 
Moreover, in such examples, only 2-torsion can appear by IIAM721 Proposition 3] (see also IIIP991 
Theorem 8.3.3]). If the fiber dimension is 2, the varieties in question are models of geometrically 
rational surfaces X over C(t). The Brauer group of a model over C of such a variety injects into 
the Brauer group of X over C(t). In the latter case, results of Manin IIMan86l can be used to show 
that only 2, 3 and 5 torsion can appear. Using a cubic surface over C(t), is it possible to produce a 
rationally connected 3-fold with 3-torsion in the Brauer group? Likewise, using a del Pezzo surface 
of degree I over C(t), is it possible to produce a rationally connected 3-fold with 5-torsion in the 
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Brauer group? Brauer groups of non-singular Fano 3-folds are apparently trivial |1IP99) p. 168], but 
for rationally connected smooth proper varieties whose minimal models are singular Fano 3-folds, 
the Brauer group can be non-trivial. 
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